Let L be a finite dimensional Lie algebra over a field k of characteristic zero, U(L) its universal enveloping algebra and Z(D(L)) the center of the division ring of quotients of U(L). A number of conditions on L are each shown to be equivalent with the primitive of U(L). Also, a formula is given for the transcendency degree of Z(D(L)) over k.
1. Introduction. The aim of this paper is to establish a necessary and sufficient condition on a finite dimensional Lie algebra L over a field k in order that its universal enveloping algebra U(L) is primitive. This settles a problem raised by Professor Jacobson [6, p. 23]. We may restrict ourselves to the case where k is of characteristic zero, since in characteristic p ¥= 0, U(L) is not primitive unless L = 0 [6, p. 255]. On the other hand, k is not assumed algebraically closed throughout the paper. Let D(L) be the division ring of quotients of U(L), Z(D(L)) its center. Let G C Aut L be the smallest algebraic group whose Lie algebra L(G) contains ad L (i.e. L(G) is the algebraic hull of ad L in End L). G is called the adjoint algebraic group of L. We can now state the main result.
Theorem. The following conditions are equivalent:
(\)L[f\ = 0 for some f E L*. (2) G admits an open dense orbit in L* for its contragredient action on L*. The proof uses some striking properties of the Dixmier-Duflo map [3, pp. 314-320] as well as some earlier results on the subject [7] . Finally, we shall verify that the number / = minyei*dim L[f] is equal to the transcendency degree of Z(D(L)) over k. This follows directly from the isomorphism that exists between K(L)' and Z(D(L)) in the algebraically closed case [8] .
2. It is understood that we consider the Zariski topology on L*. We denote by 0(f) the orbit of / £ L* under the contragredient action of G on L*. O(f) is irreducible (since G is irreducible) and open in its closure [1, p. 98 ]. Theorem. Let I be a two-sided ideal of U(L). Then the following conditions are equivalent:
(i) / is absolutely primitive (i.e. I <8> k' is primitive in U(L <S> k') for every field extension k' of k).
(ii) There exists an algebraically closed extension k' of k such that I ® k' is primitive in U(L ® k').
(iii) / is primitive and the center of the ring of quotients of U(L)/l reduces to k.
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We are now in a position to prove the main criterion.
Theorem 1. Let L be a Lie algebra over k. Then the following conditions are equivalent:
(1) L[f] = 0 for some f E L*. (2) G admits an open dense orbit in L* for its contragredient action on L*. Proof. The equivalence of (1), (3) and (4) has already been shown in [7] , as well as the implication (5) Hence the ideal (0) is primitive in U(L') and by Gabriel's theorem also in U(L). This completes the proof.
Remark. Because of this theorem, all examples of Lie algebra we have listed in [7] have primitive envelopes, even without the requirement that the base field k is algebraically closed.
Probably the most interesting class of Lie algebras satisfying the conditions of Theorem 1 is formed by the Lie algebras of index 0, partly because they include all ad-algebraic Lie algebras enjoying these conditions. If L is of index 0, it admits a linear functional / G L* such that the alternating bilinear form on L sending (x,y) into/([x,_y]) is nondegenerate, a situation reminiscent of Frobenius algebras in the associative case. In the study of these so called Frobenius Lie algebras, the Lie algebra of all « X « matrices with entries in k and with last row equal to zero seems to play a significant role. It is an adalgebraic Frobenius Lie algebra satisfying the Gelfand-Kirillov conjecture [4] , [7] . However, not all Frobenius Lie algebras are ad-algebraic (example b(iii) of [7, p. 497] is not even almost algebraic).
Proposition.
Let Proof. We know from the proof of Theorem 1 that the set Q of all /EL* such that L[f] = 0 is an orbit under the action of G on L*.
3. Next we want to establish a formula for the transcendency degree trdeg¿. (Z(D(L))) of the center Z(D(L)) over k. For this task we need to recall the following preliminary material.
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Proof. Let k' be the algebraic closure of k and put L' = L ® k'. Then the fields Z(D(L')) and K(L') are ^'-isomorphic [8, p. 401 ]. This combined with the preceding lemmas yields trdcgfc (K(L)') < trdegfc (Z(D(L))) < trdegr (Z(D(L'))) = trde^, (*(£')')• On the other hand, trdeg^ (K(L)1) = trdeg^ (K(L')1). Indeed, we know that trdeg* (K(L)') = dim L -rank^(L) ((E,Xj)9) [7] , which we have seen (in the proof of Theorem 1) to be equal to t -minyeL*dim L[f] = dim L -M and which does not change under field extension. Hence, we may conclude that trdeg, (Z(D(L))) = trdeg, (K(L)') = t.
Remark. In case L is ad-algebraic the formula we came across in the preceding discussion simplifies to trdeg* (Z(D(L))) = dim L -rank^ ([*"*,])
which is now equal to the index of L.
